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Bimetric Gravity From Adjoint Frame Field In Four Dimensions
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We provide a novel model of gravity by using adjoint frame fields in four dimensions. It has a
natural interpretation as a gravitational theory of a complex metric field, which describes interactions
between two real metrics. The classical solutions establish three appealing features. The spherical
symmetric black hole solution has an additional hair, which includes the Schwarzschild solution
as a special case. The de Sitter solution is realized without introducing a cosmological constant.
The constant flat background breaks the Lorentz invariance spontaneously, although the Lorentz
breaking effect can be localized to the second metric while the first metric still respects the Lorentz
invariance.
PACS numbers: 04.20.Jb, 04.50.Kd, 04.70.Bw, 11.30.Qc
I. INTRODUCTION
Since its construction in 1915, Einstein’s gravitational
theory has passed numerous experimental tests in the
last century. However, the observation of cosmological
acceleration at later times provided us with the hint that
Einstein’s gravity could need to be modified at large dis-
tances, and in fact several modifications have been pro-
posed along different directions [1–8]. One intriguing pos-
sibility is that there could exist another metric field fµν
besides the conventional metric field gµν . This kind of
bimetric gravity was proposed by Rosen in 1940 [9], al-
though in general it has been shown to present a ghost
problem [10]. Nevertheless, the ghost-free bimetric grav-
ity has recently been constructed [11, 12] in the frame-
work of massive gravity [13], which is viable to explain
the cosmological acceleration [14].
In this paper we propose a novel model of bimetric
gravity, which is not within those traditionally consid-
ered. In Einstein’s theory, gravity is described by the
metric tensor gµν , which can be recast into an equiva-
lent formulation by using the frame field eIµ. Here e
I
µ
transforms as the fundamental representation of the local
Lorentz group SO(1, 3). Alternatively, one may wonder
if consistent gravitational theories exist based on the ad-
joint representation eIJµ . An immediate consequence of
this adjoint frame field is that we can obtain two gauge
invariant metric fields [15]
gµν =
1
2
ηIMηJNe
IJ
µ e
MN
ν (1)
and
fµν =
1
4
ǫIJMNe
IJ
µ e
MN
ν . (2)
Hence a theory of eIJµ intrinsically describes interactions
between two metrics. In contrast with the massive bi-
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metric gravity, which retains intact the Lorentz invari-
ance [11, 12], the bimetric theory of eIJµ has to break
Lorentz covariance spontaneously. One way to see this is
by counting degrees of freedom (dofs): eIJµ has 18 gauge
invariant dofs, but gµν and fµν have a total of 20 su-
perficial dofs. So gµν and fµν are not independent, and
actually they are constrained by the complex condition
det(gµν + ifµν) = 0, (3)
which eliminates two dofs. This constraint also forbids
gµν and fµν to be proportional to the Lorentz metric si-
multaneously, hence at least one of them is required to
break Lorentz invariance. Nevertheless, as demonstrated
in [16–20], the spontaneous breaking of Lorentz invari-
ance is not problematic, but it is useful in order to estab-
lish the consistence of bimetric gravity.
In section II, we construct the first order Lagrangian,
using the frame fields. We show that a concise formula-
tion of the Lagrangian exists when we use the SO(3,C)
variables instead of the SO(1, 3) variables, and that the
spin connection can be uniquely determined thorough
the variation principle. In section III, we provide the
metric-like formulation, using the complex metric fields
gµν + ifµν . In section IV, we obtain the spherical black
hole solution and the time-dependent solution.
II. FRAME-LIKE FORMULATION
We begin with the Frame-like formulation. Consider
the frame field eIJµ , where I, J = 0, 1, 2, 3 are the indices
of SO(1, 3) adjoint representation, and eIJµ is antisym-
metric with respect to I and J . The field strength is
built from the spin connection
F IJµν = ∂µω
IJ
ν − ∂νωIJµ + ωIµNωNJν − ωIνNωNJµ . (4)
2Besides gµν and fµν in Eqs. (1) and (2), we also have two
other gauge invariant quantities
uµ =
1
6
ǫµνρσηIKηJLηMNe
IM
ν e
NJ
ρ e
KL
σ , (5)
vµ = − 1
12
ǫµνρσǫIJMNηKLe
IJ
ν e
MK
ρ e
NL
σ . (6)
From eIJµ and F
IJ
µν , we can obtain the following gauge
invariant operators
O1 = ∗FµνIJ eIMµ eNJν ηMN , (7)
O2 = ∗FµνIJeKMµ eNLν ǫIJKLηMN . (8)
We also have the operators associated to uα
O1 =
∗F
µν
IJ e
IJ
ν u
ρgρµ, O2 =
∗F
µν
IJ eνKLǫ
IJKLuρgρµ, (9)
O3 =
∗F
µν
IJ e
IJ
ν u
ρfρµ, O4 =
∗F
µν
IJ eνKLǫ
IJKLuρfρµ,
and the operators associated to vα
O5 =
∗F
µν
IJ e
IJ
ν v
ρgρµ, O6 =
∗F
µν
IJ eνKLǫ
IJKLvρgρµ,(10)
O7 =
∗F
µν
IJ e
IJ
ν v
ρfρµ, O8 =
∗F
µν
IJ eνKLǫ
IJKLvρfρµ,
where ∗FµνIJ = ǫ
µναβFαβIJ is the dual field strength. In
order to construct the Lagrangian, we also need the gauge
invariant pseudo scalars and scalars
g = det(gµν), f = det(fµν), (11)
̺ = fµνgµν , ς = g
µνfµν . (12)
As defined in Eqs. (1) and (2), gµν and fµν are in gen-
eral invertible, and gµν and fµν are their inverses respec-
tively. Then a general Lagrangian can be constructed
as
L = a1O1 + a2O2 +
8∑
i=1
oiχiOi, (13)
where ai and oi are constant coefficients, and χi(g, f, ̺, ς)
are some pseudo-scalar functions, to ensure that L
has the proper transformation properties. The La-
grangian (13) is constructed using the SO(1, 3) variables
eIJµ and ω
IJ
µ , and a general Lagrangian can depend on 10
constant coefficients and 8 pseudoscalar functions. How-
ever, in the following we shall show that a simplified ver-
sion can be constructed if we use the SO(3,C) variables.
We define the complex variables
ekµ = −
1
2
ǫkmnemnµ + ie
0k
µ , (14)
Akµ = −
1
2
ǫkmnωmnµ + iω
0k
µ , (15)
where the small latin letters take values 1, 2, 3. Then ekµ
and Akµ are the SO(3,C) variables. We can also define
the complex field strength
Fkµν = −
1
2
ǫkmnFmnµν + iF
0k
µν , (16)
which can be rewritten in terms of the complex connec-
tion as
Fkµν = ∂µA
k
ν − ∂νAkµ + ǫkmnAmµ Anν . (17)
Using the complex variables, we have the complex met-
ric
gµν = e
k
µe
k
ν = gµν + ifµν . (18)
and the complex pseudo-vector
uµ =
1
6
ǫµνρσǫkmnekνe
m
ρ e
n
σ = u
µ + ivµ. (19)
From Eqs. (18) and (19), we see the two facets of gµν and
uµ. They can be expressed either using the SO(3,C)
variable in Eq. (14) or using the SO(1, 3) variables in
Eqs. (1), (2), (5) and (6). From Eq. (18), we know that
the determinant of gµν is zero, and we can also verify
that uµ is its eigenvector with eigenvalue 0. Actually,
gµν and u
µ satisfy the identities
gµρu
ρ = 0, (20)
uµuν =
1
6
ǫµαρτ ǫνβσθgαβgρσgτθ. (21)
For a given gµν , we can obtain u
µ by using Eq. (21). So
uµ is not independent of gµν , but it can be completely
determined by gµν . We also define a complex pseudo-
scalar
Φ =
1
4
g¯µνu
µuν = g − f + igς, (22)
where g¯µν is the complex conjugate of the complex metric
gµν . Using Φ, we define the covariant pseudo-vector
vµ = − 1
4Φ
g¯µρu
ρ, (23)
which satisfies
uαvα = −1 (24)
according to Eq. (22). Using vµ, we can define
Eαk =
1
2
ǫαθρσǫkmnvθe
m
ρ e
n
σ, (25)
then we have
Eαj e
i
α = δ
i
j , (26)
and we also have
nαβ = E
α
ke
k
β. (27)
Eαi can be regarded as the left inverse of e
i
α, and n
α
β plays
the role of the projection tensor. Note that gµν is not
invertible. We can obtain its generalized inverse as
gµν = EµkE
ν
k =
1
2
ǫµαρτ ǫνβσθvαvβgρσgτθ, (28)
which satisfies
gµρg
ρσgσν = gµν ,g
µρgρσg
σν = gµν . (29)
3And we also have the relation
nαβ = g
αρgρβ = δ
α
β + u
αvβ . (30)
Using the above complex variables, we propose the La-
grangian
L =
κ
4
ǫµναβǫijkeiµe
j
νF
k
αβ (31)
+ λ
√
−ΦǫµναβvµekνFkαβ + c.c,
where κ and λ are complex constants, and c.c is the com-
plex conjugate. Compared with Eq. (13), Eq. (31) has 4
real constant coefficients. It is a special case of Eq. (13),
and it can be rewritten into the formulation (13) in terms
of the SO(1, 3) variables. In the following, we shall con-
sider the concise formulation (31) in terms of SO(3,C)
variables. Varying Eq. (31) with respect toAiµ, we obtain
κǫµναβǫijkTjµαe
k
β = 2λ
√
−ΦǫνµαβvαTiµβ
+ 2λǫνµαβ∂µ(vα
√−Φ)eiβ , (32)
where
Tiµν =
1
2
(∂µe
i
ν + ǫ
ijkAjµe
k
ν)− (µ↔ ν) (33)
is the torsion tensor. Variations of Eq. (31) with respect
to eiα yield
− κ
2
ǫµναθǫijke
j
θF
k
µν + λ
√
−ΦǫµναβvβFiµν
+
λ
4
√−Φǫ
µνρσekσF
k
µν g¯ρθg
θτuαeiτ (34)
=
λ¯
4
√
−Φ
ǫµνρσe¯kσF¯
k
µν
(
u¯αu¯θv¯ρ + u¯
αδθρ + u¯
θδαρ
)
eiθ.
In the above, z¯ always means the complex conjugate of
the complex variable z. Eqs. (32) and (34) give the first
order formulation of the equations of motion.
III. METRIC-LIKE FORMULATION
In the above, we have obtained the first order formu-
lation. In this section, we show that the second order
formulation gives simpler expressions in terms of metric
variables. First we need to solve Eq. (32) to obtain the
connection. We define the affine connection
Γiµν = ∂µe
i
ν + ǫ
ijkAjµe
k
ν . (35)
The metric-like formulation of this connection is
Γρµν = E
ρ
iΓ
i
µν , (36)
which satisfy the condition
Γρµν = n
ρ
τΓ
τ
µν (37)
according to Eqs. (26) and (27). From Eq. (36), we have
∂µe
i
ν + ǫ
ijkAjµe
k
ν = Γ
ρ
µνe
i
ρ. (38)
From this equation, we obtain the metric compatibility
condition
∂µgαβ = Γ
ρ
µαgρβ + Γ
ρ
µβgρα. (39)
This equation can be solved as
Γρµν = g
ρσΓσ,µν − gρσ(Tθµσgθν +Tθνσgθµ) +Tρµν , (40)
where
Tρµν =
1
2
(Γρµν − Γρνµ), (41)
is the torsion tensor, and
Γτ,ρσ =
1
2
(∂ρgτσ + ∂σgτρ − ∂τgρσ) (42)
is the Christoffel symbol of the first kind. In order to
satisfy Eq. (39), the torsion tensor need to satisfy
uτΓτ,αβ = u
τ (Tρατgρβ +T
ρ
βτgρα). (43)
Using the torsion tensor, Eq. (32) can be rewritten as
κ (uτTαβτ + u
τTθθτδ
α
β + u
αTθθβ) (44)
= λ
√
−ΦǫατρσvρTθτσgθβ + λǫατρσ∂τ (vρ
√
−Φ)gσβ .
Eqs. (37), (43) and (44) uniquely determine the torsion
tensor as
T
µ
αβ =
1
2
gµσuτ (vαΓτ,σβ − vβΓτ,σα) (45)
+ vαK
µ
β − vβKµα
+
λ
2κ
√
−Φgµτgθσ(∂τvθ − ∂θvτ )uνǫνσαβ
+
κ
4λ
1√−Φ(g
µρgσθ − gµσgρθ)uτΓτ,ρθuνǫνσαβ .
where
Kαβ =
λ
κ
ǫαθστvθgσβ∂τ
√−Φ (46)
+
λ
κ
√
−Φnαρgσβǫρστθ∂τvθ
+
λ2
κ2
Φgατnθβ(∂τvθ − ∂θvτ ).
From Eq. (38), we can express the field strength in terms
of the curvature
Fkµν =
1
2
ǫkmnRρσµνe
n
ρE
σ
m, (47)
and
Rρσµν = ∂µΓ
ρ
σν − ∂νΓρσµ + ΓρµτΓτσν − ΓρντΓτσµ (48)
is the definition of Riemann tensor. The Lagrangian (31)
can be rewritten as
L = −κ
4
ǫαβµνRαβµν − λ
√
−ΦR+ c.c, (49)
where
R = gαβRταβθnθτ (50)
4is a scalar curvature, and
Rαβµν = gατR
τ
βµν (51)
is the covariant Riemann tensor. The second term of
Eq. (49) is similar to the Einstein-Hilbert Lagrangian.
The first term of Eq. (49) vanishes in Einstein’s gravity,
due to the first Bianchi identity, although it contributes
in our case because the connection (40) has the torsion
piece (45). We define the contracted tensor
Rαβ = g
τθRατθβ. (52)
Then the equations of motion in Eq. (34) can be rewrit-
ten as
2λ
√
−Φ(nασRσβ −
1
2
Rδαβ ) −
κ
2
ǫασµνRβσµν
= (Sαβ − c.c), (53)
where
Sαβ = λ
√
−ΦRuαvβ − 2λ
√
−ΦuτRρτnαρvβ
− λ
2
1√−Φu
τRστn
ρ
σg¯ρβu
α. (54)
The left hand of Eq. (53) is similar to the Einstein’s grav-
itational equation, although it is complex. Note that only
the imaginary part of Sαβ contributes to the equations of
motion.
IV. CLASSICAL SOLUTIONS
We consider classical solutions of Eq. (53). For sta-
tionary solutions with spherical symmetry, we use the
following ansatz for gµν
gµνdx
µdxν = −p2(r)dt2 + q4(r)(dr2 + r2dΩ2) (55)
and for fµν
fµνdx
µdxν = −2p(r)q2(r)dtdr + β q4(r)r2dΩ2. (56)
where dΩ2 = dθ2 + sin2 θdφ2, and β is a real con-
stant. The ansatz in Eqs. (55) and (56) satisfy the con-
straint (3). Eq. (53) is a complex equation, whose real
part yields two independent equations
Re(a)q(r) − 8Re(b)rdq
dr
= 4Re(b)r2
d2q
dr2
, (57)
1
Q
dQ
dr
− 41
q
dq
dr
=
1
p
dp
dr
, (58)
where Q(r) = q4(r) + 2rq3(r)dq
dr
, and
b = 2(1 + iβ)(κ2 − λ2)λ¯, (59)
a = −b− 8λ¯λ2. (60)
The solutions for q(r) and p(r) are
q(r) = c1r
α− 1
2 + c2r
−α− 1
2 , (61)
p(r) = −2αc3 c2 − c1r
2α
c2 + c1r2α
, (62)
where α = 12Re(b)
√
Re(b)Re(a+ b), and c1, c2 and c3
are three integral constants. We can check that the
above solutions also solve the imaginary part of Eq. (53),
hence p(r) and q(r) in Eqs. (61) and (62) are solutions
of Eq. (53). When α is real, c1 and c2 are required to
be real; in this case, c1 and c3 can be absorbed into the
redefinition of r and t. When α is imaginary, c1 and c2
are required to be conjugate complex numbers; in this
case, the real (or imaginary) part of c1 and c3 can be
absorbed into the redefinition of r and t. In both cases,
only one effective parameter is left. With α, the metric
in Eq. (61) has two hairs. An interesting case happens
when
α =
1
2
, c1 = 1, c2 =
1
4
rs, c3 = 1. (63)
We obtain, from Eq. (55)
−
(
1− rs4r
1 + rs4r
)2
dt2 +
(
1 +
rs
4r
)4(
dr2 + r2dΩ2
)
= gµνdx
µdxν . (64)
This is the Schwarzschild metric in isotropic coordinates,
where rs is the Schwarzschild radius. For α =
1
2 , we need
Re(a) = 0, which determines β
β =
Re
(
κ2λ¯+ 3λ2λ¯
)
Im
(
κ2λ¯− λ2λ¯) . (65)
Now we consider time-dependent solutions. The ansatz
for gµν is
gµνdx
µdxν = −dt2 + a2(t)dxidxi, (66)
and fµν is
fµνdx
µdxν = f00dt
2 + 2f0idtdxi + fijdxidxj , (67)
fµν =


f00 f01 f01 f01
f01 f11 f12 f12
f01 f12 f11 f12
f01 f12 f12 f11

 ,
in which
f00 =
1
2
(
ω − 1
ω
)
, f11 =
1
2
(ω
3
− 1
ω
)
a2(t), (68)
f12 =
ω
6
a2(t), f01 =
1
2
√
3
(
ω +
1
ω
)
a(t).
Here ω is a real constant. The left hand of Eq. (53) yields
two independent expressions
− 1 + 2iω
8λω2
(
(−i+ ω)2κ2 + (i+ ω)2λ2)a(a˙2 + 2aa¨),(69)
1
4
√
3λω2
(1 + ω2)(1 + 2iω)
(
κ2 + λ2
)
(a˙2 − aa¨),(70)
where a˙ = da
dt
. There are 4 independent expressions for
the right hand of Eq. (53). Eq. (53) can be satisfied if
(−i+ ω)2κ2 + (i+ ω)2λ2 = 0, (71)
a˙2 − aa¨ = 0. (72)
5The solution of Eq. (72) is
a(t) = eHt, (73)
where H is a integral constant. Eq. (71) is a complex
equation, whose solution yields
λλ¯ = κκ¯, (74)
ω =
κλ¯+ λκ¯
|κ+ iλ|2 , or ω = −
κλ¯+ λκ¯
|κ− iλ|2 , (75)
where |z| is the module of the complex number z. For this
solution, gµν is the de Sitter metric. For the existence of
this solution, the couplings λ and κ are required to satisfy
the constraint (74).
Now we consider the solution of constant background.
Obviously, any constant value of gµν and fµν which sat-
isfy the constraint (3) are solutions of Eq. (53). For the
solution in Eqs. (61) and (62), in the case that the pa-
rameters are given by Eq. (63), p(r) and q(r) are constant
when r → ∞. We see that gµν is the Lorentz metric in
this limit, but fµν breaks Lorentz invariance. For the
solution in Eqs. (66) and (67), when a(t) = 1, the met-
rics are constant, and they solve Eq. (53). We see that
gµν is the Lorentz metric, but fµν breaks Lorentz in-
variance. Hence the constant background breaks Lorentz
invariance spontaneously.
V. DISCUSSIONS
In this paper, we have provided a gravitational model
in terms of the adjoint frame field eIJµ . This model de-
scribes interactions between two metrics. In section II,
using the SO(3,C) variables, we construct a concise La-
grangian with 2 complex coupling constants. In sec-
tion III, we give the metric-like formulations of the La-
grangian and equations of motion. We also obtain the
Schwarzschild solution and the de Sitter solution in sec-
tion IV.
The black hole solution in Eq. (61) has two effective
hairs, which reduces to the Schwarzschild solution in a
special case. The stability, uniqueness, and thermody-
namical properties of this black hole solution are of the-
oretical interest. The α hair of this solution shall correct
the geodesic equations, and its value can be restricted
by the experimental data from the perihelion precession
of Mercury, the deflection of light by the sun and the
gravitational redshift.
The coupling constants κ and λ is required to satisfy
the constraint (74) for the existence of de Sitter solution.
It remains to be answered wether this constraint depends
on our ansatz (66) and (67). The existence of de Sitter
solution without cosmological constant supports that our
bimetric gravity model could have the capability to in-
terpret the cosmological acceleration. To obtain a real-
istic cosmological model, the matter energy-momentum
tensor is required to be plugged into Eq. (53). Because
Eq. (53) is a complex equation, an additional energy-
momentum tensor besides the conventional one could be
required to ensure the consistency of the equation.
Bimetric gravity generally suffers from a ghost prob-
lem [10] and the vDVZ discontinuity problem [21, 22]. A
detailed analysis is required in order to see wether our
bimetric gravity model is free from these problems.
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